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A Technique for Determining 
Damping Values and Damper 
Locations in Multi-Degree-of-
Freedom Systems 
In complicated multi-degree-of-freedom systems, it is often necessary to choose linear 
damping values and determine their locations that will give a desired performance. The 
method presented in this paper describes procedures by which the damping values and 
damper locations for prescribed damping ratios in all principal modes can be found. Two 
numerical examples are included to illustrate the method. 
Introduction 
It is well established that the equations of motion for undamped 
linear dynamic systems can be uncoupled by the normal mode 
method where displacements are expressed in terms of the normal 
modes. In damped systems, classical normal modes do not usually 
exist. Rayleigh [ l]1 has obtained some special cases of damping 
where the equations of motion can be uncoupled by modal analy-
sis. Caughey [2] has determined certain general conditions under 
which damped dynamic systems will possess classical normal 
modes. For damped systems where modal analysis cannot be used, 
it is a common practice to use the normal mode transformation 
matrix and ignore the cross-coupling damping terms. In certain 
multi-degree-of-freedom systems, it is desirable to include the ef-
fect of the cross-coupling damping terms and to specify the damp-
ing ratios of each mode. The purpose of this paper is to present a 
method by which the damping values and damper locations can be 
determined by specifying the damping ratios of the principal 
modes. 
Theory 
The equations of motion for free vibration of a viscously 
damped linear dynamic system having n degrees-of-freedom can 
be written as 
(1) *]&}+ [C]{x} + [K]{x} = 0 
1 Numbers in brackets designate References at end of paper. 
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The mass, damping, and stiffness matrices [m], [C] and [K] re-
spectively in equation (1) are symmetric and positive definite for a 
positive definite system [3, 4]. Assuming that the system possesses 
classical normal modes, the objective is to find the damper values 
such that modal analysis will apply. Since the damping matrix [C] 
is symmetric, it is generally possible to decompose the matrix as 
[C] = [L][a][LV (2) 
where [a] is a diagonal matrix containing unknown damper values 
and [L] is designated as a location matrix containing certain arbi-
trarily chosen damper location parameters. The method of choos-
ing the location parameters is illustrated in example 1. Let 
{%} - [u]{q] and {x} = [u]{q} (3) 
be a transformation to change equation (1) from the [x] coordi-
nates to the principal coordinates \q\. It can be shown that when 
[u] is the modal matrix, such a transformation yields uncoupled 
equations of motion in the free vibration problem. In other words 
the generalized mass and stiffness matrices will be diagonalized [3, 
4]. 
Define an energy dissipation function E such that 
E = /^Z/Z/Cj^Xjij (4) 
Let the damping matrix in the transformed coordinates \q) be des-
ignated as [D]. The matrix [D] is a diagonal matrix containing the 
desired percentage of critical damping in each of the principal 
modes. The energy dissipation function in \q] can be expressed as 
E= ' / ^ S S A A ? ) (5) 
Since the energy dissipation functions in equations (4) and (5) 
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must be equal, their relationship can be expressed in matrix form 
as shown in equation (6). 
{x}T[C]{x}={qV[D]{q} 
Substitution of (2) and (3) into (6) yields the following: 




[uV[L][a][L]T[u] = [D) 
[C] = [L][a][LY = [uT]-\D][uV 
(7) 
(8) 
When the damping matrix [C] is decomposed as in equation (2), 
the [L] matrix will be a square or rectangular matrix depending 
upon the number of dampers used in the system. If [L] is a nonsin-
gular square matrix, then [a] is obtained by premultiplying by 
[L] _ 1 and postmultiplying by [ i 7 ] - 1 both sides of equation (8). 
Thus 
[a] = [L\-\uTY\D\[unLT}- (9) 
The matrix [a] obtained from equation (9), at this stage in general, 
will be a fully populated square matrix which is reduced to a diago-
nal form by the method given subsequently. If [L] is a rectangular 
matrix with full column rank and, [LTL] nonsingular, the Moore-
Penrose generalized inverse [5, 6] of [L] can be used to solve for [a] 
in which case 
[a] = [LY [LLT]-\uT}-\D][ur{LLTr[L] (9a) 
For the [L] [a] [L]T decomposition of the damping matrix [C] 
where [a] is allowed to be diagonal with the number of dampers 
more than the order of the [C] matrix, [L] will not have full column 
rank. As such [LTL] may not be nonsingular and therefore equa-
tion (9a) cannot be used. However, equation (9) can still be used 
provided the number of damping coefficients to be determined is 
equal to the order of the damping matrix. This means that if the 
number of dampers is larger than the order of the damping matrix 
[C], then damping values need to be assigned to the number of 
dampers exceeding the order of the damping matrix. In order to 
use equation (9), the rectangular [L] matrix obtained from decom-
position of [C] is made into a square nonsingular matrix by as-
signing a row of null elements as the off-diagonal terms. For the 
damping matrix [C] of order n, if the number of dampers desired is 
(n + 1), the [L] [a] [L]T decomposition gives a [L] matrix of order 
n by (n + 1) and to make it a square matrix, assign (n + l ) t h row 
the value of 0, 0, 0 . . . , 1 which will make the [L] matrix square 
and nonsingular. The procedure is illustrated in Example 1. Equa-
tion (8) gives 
and when the rectangular matrix [L] is modified by assigning an-
other row of elements, the left-hand side of equation (8) is of order 
(n + 1). Since the right-hand side is of order n, equation (8) will be 
valid only if the (n + l ) t h row and column of left-hand side is iden-
tically the same as the (re + l ) t h row and column of the right-hand 
side. Choosing the value of the (n + l ) t h damper, the elements of 
the (n + l ) t h row and column of the left-hand side can be obtained 
in terms of [L] as C(„+i)-I-i(„+i), i = 1, 2, — , (n' + 1) and assign 
these elements as the (n + l ) t h row and column of right hand side 
matrix. Equation (9) can now be used to solve for [a]. The matrix 
[a] obtained from equation (9) contains the unknown damper 
values. It may not be a diagonal matrix but will be always symmet-
ric. If [a] is positive definite, then it will possess a unique decom-
position such that 
[a] = [ L ' l C 1 ] ^ 1 ] (10) 
where [L1] is a unit lower triangular matrix and [C1] is a diagonal 
matrix. Such a decomposition is known as the Cholesky decompo-
sition [7]. Commonly available algorithms can be conveniently 
used to obtain such a decomposition. Equation (2) can now be re-
written as 
[C] = [L][a][LY= [ L ] [ L 1 ] [ C 1 ] [ L I ] J ' [ L ] ' = [GUC^GV 
(11) 
w h e r e 
[G] = [L][X1] 
The matrix [G] is the modified location matrix. Since [G] [C1] 
[G]T should yield the damping matrix [C] and [L] [a] [L]T decom-
position assumed [a] to be diagonal, [G] must have the same form 
as [L]. Term by term comparison of [G] and [L] can yield the un-
known damper location parameters and [C1] will contain the 
damping coefficients needed in the system. 
E x i s t e n c e of t h e C h o l e s k y D e c o m p o s i t i o n for t h e [ a ] 
M a t r i x 
Given a symmetric matrix [a], a decomposition is sought such 
that 
[a] = WWIL*] (12) 
A unique decomposition exists if and only if the matrix is positive 
definite. Therefore if [a] is positive definite, then such a decompo-
sition is assured. Equation (9) gives 
[L][a}[LV = [uTV[D}[u] (8) 
[a] = [L]" V r 1 U > ] [ « r 1 [ L r ] -
L e t [P] = [uT]-\D\u\-x (13) 
- N o m e n c l a t u r e 
[a] = matrix containing damping coeffi-
cients 
[C] = damping matrix 
[C1] = diagonal matrix containing un-
known damper values 
c\, c% C3, c4 = damping coefficients 
[D] = diagonal matrix containing the de-
sired critical damping 
E = energy dissipation function 
[G] = modified location matrix 
[K] = stiffness matrix 
[L] = initial location matrix 
[L1] = location matrix obtained from Chol-
esky decomposition of matrix [a] 
[m] = mass matrix 
[q] = principal coordinates 
[u] = modal matrix 
\x\ = coordinates used in writing the equa-
tions of motion 
£i> &i ?3 = damping ratios in principal 
coordinates 
h, h, h, h = distance measured in the y-
direction for damper location 
u>i, u>2, u)3, u>i - distance measured in the 
x -direction for damper location 
e = location of the center of mass with re-
spect to the coordinate system = 0.5 
wi> W2, "3 = natural frequencies 
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I t can also be written as 
[P}=[uTVWn[DYn[uV = [AY[A\ (14) 
where 
[A] = [D]"*[u] 
[u] is nonsingular and has therefore an inverse. [D] being a diago-
nal matrix containing positive elements, [A] will also be nonsingu-
lar. Premultiplying both sides of equation (14) by \x\r and post-
multiplying by \x\ (\xj^O) equation (14) yields 
{x\T[P}{x\ = {xY[A)T[A]{x} = {zy{z}>0 (15) 
where 
{Z}=[A]{X} 
Therefore [P] is a positive definite matrix. Equation (9) can be 
written as 
[a] = [LPlPWr = [L]-\P][L-r (16) 
Equation (14) substi tuted into (16) gives 
[a] = [L\-\AY[AlL-'Y = [B]T[AY[A\[B] = [Y]T[Y] > 0 
(17) 
Therefore [a] is positive definite and Cholesky decomposition2 ex-
ists. 
Example 1. To illustrate the procedure, consider the following 
example of a vibrating platform (Fig. i ) . The equation of motion tion as 
can be written as 
Fig. 1 
Procedure 
The [L] [a] [L] T decomposition of [C] can be written by inspec-
t s U + [C]\i( + [K]\<l>\ = 0 (18) £ ] 
where 
1 1 1 1 
-(Z, + e) (l2 - e) (h ~ e) Alt + e) 

























1 Ah + e) -Wi 
1 (Z2 - e) -w2 
1 (Z3 - e) w3 
1 -(Z4 + e) Wi_ 
(21) 
If ci, C2, C3 and c4 are designated as the four dampers in the sys-
tem whose positions with respect to the center of mass of the sys-
tem are given by (h, wi), (h, W2), (k,wa) and (£4,W4) respectively, 
the damping matrix becomes 
The matrix [L] can now be modified to make it a square matrix by 
[C] 
{c , + c2 + cz + cA} 
{-CjU, + e) + c2 
(Z2 - e) + c3{l3 - e) 
-c^k + e)} 
{—W<fi\ — W2C2 + 
W3C3 + MJ4C4} 
{-c,(Zi + e) + c,{l2 - e) + c 3 
(Z3 - e) - c4(Z4 + e)} 
{cx{h + e)
2 + c2{l2 - e )
2 + c 3 
(Z3 - e)
2 + c4(Z4 + e)
2} 
{witij + e)c{ — w2(l2 - e)c2 
+ w3(Z3 - 3 )c 3 - w4(Z4 + c)ci} 
{ - W ^ ! - W2C2 + W3C3 + W4C4} 
{wi{l\ + e)ci — w2(l2 - e)c2 
+ w3(Z3 - e ) c 3 - w4(Z4 + e)c 4 } 




The problem is to find the values c\, c% cs and the locations of the 
dampers for the prescribed damping ratios i-1 = .05, £2 = .01 and £3 adding another row as shown below: 
• .05 in the three principal modes. Since the number of dampers 
desired is one greater than the degrees-of-freedom, the value of c4 
is specified as 10.0. 
[L] (22) 
2 The proof of the existence of Cholesky decomposition was developed 
with the assistance of Dr. R. J. Plemmons, Professor, Computer Science De-
partment, The University of Tennessee, Knoxville, Tenn. 
' 1 1 1 1 
-Ui + e) (l2-e) ( Z 3 - e ) Ah + e) 
—Wi ~W2 W3 Wt 
0 0 0 1 
The damping matrix [C] will now be a 4 X 4 matrix where the ele 
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ments in the 4th row and column can be written as For the given £1, £2 and f3, 
= 7 = 1, 2, 3, 4 
Equation (8) gives 
Cj4 — Q j — c4-^i 
[c] = UH^MM 
(23) 
[z>] = 2.0 
and for this equation to be valid, the right-hand side of equation 
(8) must be a 4 X 4 matrix in which the 4th row and column are 
identically the same as that on the left-hand side. To make equa-
tion (8) valid, introduce in the matrix on the right-hand side the 
elements of the 4th row and column of the left-hand side using 
equation (23). Now equation (8) becomes a modified matrix equa-
tion where the left-hand side and right-hand side matrices contain 
identically the same elements in the fourth columns and fourth 
rows. 
Using the conventional methods, the natural frequencies of free 
vibration are calculated to be the following: 
o)j = 15.73 rad/sec 
L>2 = 13.17 rad/sec 







OJ3 = 9.68 rad /sec 
and the modal columns are 





where mu is the generalized mass obtained from the uncoupled 
equations of motion, w; the natural frequency and £; the desired 
damping ratio of the ith principal mode. [u r ] _ 1 [D] [u]_1 is modi-
fied by adding the 4th row and column of the damping matrix in-
volving the selected damping coefficient, c4. Solution from equa-
tion (9) yields the following: 
M 
(28) 
Note that the first three elements of the fourth row and column 
are nonzero because of round-off error. By Cholesky decomposi-





























































0 0 0 
1 0 0 
.532 1 0 







































Therefore the following modal matrix uncouples the equations of 
motion for free vibration: 
Note that the 1st row of matrices [L] and [G] must remain the 
same because these elements do not involve actual location param-
eters. Reducing [G] by normalizing the columns and omitting the 
last row which was introduced in [L] yields the following: 
-1 .0 1.0 -1 .0 
-1.753 .30 .0130 
.427 3.554 .0673 
(25). 
Initially the location parameters are chosen for the desired number 
of dampers (in this case there are 4 dampers) such that [L] is 
nonsingular. The initial guess for the location parameters will in 
no way alter the method and therefore any convenient values may 
be chosen for the elements in matrix [L]. By arbitrarily choosing 
the following values, 
li = 2.0, l2 = 4.5, l3 = 3.5, Z4 = 
MJj = w2 = MJ3 = wt = 2 . 5 


































The square of the normalization factor for each column is used to 
modify [C1] so that [G] [C1] [GT] yields the same matrix as given 







The values in [C1] are the actual damping coefficients required in 
the system. Comparing term by term the normalized [G] matrix 
and the original [L] matrix, h, 1% I3, U and wi, wz, w3, W4 can be 
evaluated and the damper locations established. Solving for these 
parameters the results are obtained as h = 4.14, h = 4.15, h = 3.5, 
U = 1.5, and w\ = .32, u>2 = -76, w3 = 2.5, and w4 = 2.5. Calculated 
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Time Seco 
Fig. 2 Note: Curves not plotted to a common scale 
damping coefficients and damper location parameters were used to 
obtain the time-response of the system in its principal modes of vi-
bration giving the system an initial velocity. Time-response curves 
obtained in principal coordinates qi, qi. and qz are presented in 
Fig. 2. Note that the response of the system in each mode corre-
sponds to the response of a single degree-of-freedom system hav-
ing the specified damping ratios. 
Example 2. Consider the spring and mass problem given in 
Fig. 3. This example is included to demonstrate the validity of 
equation (8). The equation of motion is 










The damping matrix in terms of the unknown damping coeffi-
cients can be expressed as 
[C] = 
' (ci + c2 + c5) -c2 -c$ ' 
-ci (c2 + c 3 + c6) ~c3 
~C5 ~C3 (
C3 + C4 + C5)_ 
(34) 
Using the same procedure as in the previous problem, [C] matrix 

























In such a decomposition, the [L] matrix has no significance since 
there are no location parameters involved in this degenerate case. 
Therefore equation (9) cannot be used to obtain the damping coef-
\ 






ficients. However, equation (8) is still valid and therefore the 
damping matrix [C] can be determined by [w T ] - 1 [D] [u]-1, and 
the damping values calculated. 
The following are the natural frequencies of free vibration: 
wi = .812034 r a d / s e c 
o>2 = 1.295723 r a d / s e c 
w3 = 1.778173 r a d / s e c 
The modal matrix is 
[«]: 













^ 3 3 ^ 3 W 3 
and ma and to; as in Example 1, for £i = .05^ £2 = 0.1 and £3 = .05, 



















Comparing term by term the elements of the matrices in equations 
(34) and (38), it is seen that 
ci + c2 + c5 = .184004 
c2 + c3 + c6 = .138208 
c 3 + c4 + c5 = .391682 
(39) 
a l so 
c2 = .022192 
c 3 = .068016 (40)-
c 5 = .091683 
From equation (39) and (40) ci, C4 and ce can be determined as 
d. = .070129 
c 4 = .231983 
c6 = .048 
Giving an initial velocity, the time-response of the principal modes 
of the system for the above damping coefficients is shown in Fig. 4. 





A'-W-w v /V-" 
VX A / \ / V - '2 
-' \J KJ ^ '• 
Time Seconds 
Fig. 4 Note: Curves not plotted to a common scale 
Note that the method used in Example (1) fails in this problem be-
cause of the degenerate nature of the [L] matrix. The difficulty 
arises in reducing the [G] matrix obtained after Cholesky decom-
position of [a] matrix of equation (9) by the method illustrated in 
equation (31), to the same form as [L], In this example [L] con-
tains no location parameters. As a result the method illustrated in 
Example 1 cannot be used. 
The number of dampers which can be located by the method il-
lustrated in Example 1 is prescribed by the rank of the [L] matrix. 
In Example 1, if only 2 dampers are desired this will result in a [L] 
matrix of order 3 X 2 which cannot have a rank greater than 2. 
Therefore equation (9) may not be valid since [ L ] - 1 may not exist. 
In such cases equation (9a) can be used to calculate [a]. Therefore 
it can be concluded that the number of dampers thus located must 
be greater than or equal to the order of the damping matrix if 
equation (9) is to be used. Use of equation (9a) is restricted to 
cases where the rectangular matrix [L] has full column rank so 
that [LTL] is nonsingular. Depending on whether equation (9) or 
(9a) is used, the damping values may differ. Therefore the solution 
obtained is not unique. 
The method described in this paper can be used for systems 
having a large number of degree-of-freedom and is well suited for 
computer usage. It becomes particularly useful as a design tool for 
choosing damping values and selecting their locations in physical 
systems. 
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